This paper presents a novel experimental design to greatly improve the calibration accuracy of the acceleration-insensitive bias and the acceleration-sensitive bias of the dynamically tuned gyroscopes (DTGs). In order to reduce experimental cost, the D-optimal criteria with constraints are constructed. The turntable positions and the number of test points are chosen to build D-optimal experimental designs. The D-optimal experimental designs are tested by multi-position calibration experiment for tactical-grade DTGs. Test results show that, with the same cost, the fit uncertainty is reduced by about 50% by using the D-optimal 8-position experimental procedure, compared to using a defacto standard experimental procedure in ANSI/IEEE Std 813-1988. Furthermore, the new experimental procedure almost achieves optimal accuracy with only 12-position which is half the cost of the widely adopted 24-position experimental procedure for achieving optimal accuracy.
Introduction1
Dynamically tuned gyroscopes (DTGs) as two-degree-of-freedom gyroscopes have been widely deployed as instruments for sensing the angular rate of defined axis for many years. Calibration is an essential step for DTGs to evaluate the sensor errors and compensate them [1] . The performance of DTGs is greatly dependent on the accuracy of these estimated errors in the calibration process.
Calibration methods are categorized into conventional methods and modern methods [2] . Modern calibration procedures use the Kalman filtering scheme to obtain an optimal estimate of the calibration parameters. Its use is primarily limited to navigation due to its drawbacks of gyro parameters observability depending on the maneuver, as well as complication associated with computational burden and numerical stability of calibration Kalman filter design [3] [4] [5] . Conventional calibration procedures such as the multi-position tests are still the most widely used lab calibration methods [6] . However, conventional calibration is an expensive and time-consuming process [6] [7] . The calibration procedure or test procedure needs to be carefully designed to minimize the cost and optimize the accuracy of estimates.
There are some existing works on conventional calibration procedure design. IEEE has published a document defining 8-position test procedures for testing DTGs to extract estimates of the acceleration-in-sensitive bias and the acceleration-sensitive bias [8] . A sample set of rotations which included 11-position of a two-degree-of-freedom turntable was described to extract estimates of the gyro's fix bias, g-dependent errors and mounting misalignment of conventional gyro [6] . A 18-position procedure was designed to provide data sufficient for platform-mounted DTG calibrations [2] . A 6-position procedure was given by Cho, et al. [9] to estimate the gyros bias of micro-electro-mechanical-systems (MEMS)-type redundant inertial measurement unit (RIMU). Zhang, et al. [10] proposed another 18-position calibration procedure to calibrate a static inertial measurement unit (IMU) without the need of accurate turntable. However, both of the calibration processes used empirical parameter-setting and provided no evidence or proof of optimization in terms of accuracy and cost. It is clearly desirable to have a theory-based systematic approach to optimize the calibration procedure with maximized accuracy and minimized cost.
To achieve this goal, optimal calibration procedure based on D-optimal designs is designed. D-optimal designs [11] [12] are widely and effectively used to design experiments for the specific problem of interest in an optimal way [13] [14] [15] [16] . In the inertial sensor literature, Gianchandani, et al. [17] compared two optimization criteria using parametric modeling of a micro accelerometer and demonstrated that D-optimal experiment designs performed very well. However, to the authors' best knowledge, the problem of designing an optimal calibration experiment for DTGs has not been studied before.
A new low-cost calibration experimental procedure based on D-optimal design methodology is designed to achieve optimal calibration accuracy of DTGs in this paper.
Drift Model of DTGs
In order to calibrate the DTG drift, a drift model specifying the relationship between the input elements and the gyro drift outputs must be defined, and the coefficients in the drift equations must be determined. The DTG drift model in IEEE standard [8] , which includes many general error terms, is usually regarded as a general and complex model. In practice, the number of error terms included in the drift model by making tradeoffs between accuracy and simplicity/usability of the mode has to be heuristically chosen. In this paper, how to calibrate acceleration-insensitive bias and the acceleration-sensitive bias, which are considered to be the major error terms that influence the performance of DTGs [1, 6, 18] , are focused. Fig.1 shows the mutual orientation of DTG torquer coordinate system Oxyz established by the DTG torquers, and the three-axis turntable coordinate system OXYZ on which the DTG is fixed. Oz coincides with the spin axis. Ox and Oy are output axes. OX, OY and OZ are the inner axis, the middle axis and the outer axis of the turntable coordinate system respectively. Oxyz is usually a nonorthogonal coordinate system, while OXYZ is an orthogonal coordinate system. is the angle between OX and ox, and the angle between Oy and Oy . 0.5 is the angle between Ox and Oy. Thus, the expression of the DTG drift model in OXYZ can be described as 
where X and Y are the earth rate projected in the turntable coordinate system. Let 
It is now possible to rewrite Eq.(5) as
Therefore, calibrating the drift of DTGs depends on estimating the model's unknown parameters. The parameters in Eq. (7) to be estimated are
T about OY. The matrix formulation of these equations can be represented as
where is the estimated parameter vector for each axis, Y b the value of torquer currents, F matrix of the contributions of gravity and earth rate projected values in each position of turntable coordinate system, and the experimental errors. This is the general formulation of a linear identified model. Because the experimental procedure during the data collection phase will affect the properties of the identified model [14] , it is important to design an effective and cost-efficient experiment procedure for collecting valuable measured data of torquer currents in order to identify the estimated parameters shown in Eq. (8) with high quality.
A Novel D-optimal Calibration Experimental
Procedure for DTGs
Experimental procedure design criteria
The optimal experimental design based on optimal design theory has been the focus of the statisticians' works on parameter estimation [11, 12, 19] . To minimize the uncertainty of the parameter estimates, several optimality criteria have been proposed [20] . The most commonly used criterion is called the D-optimal experimental design criterion which minimizes the confidence regions of the estimated parameters [13] [14] . Typically with a linear model like Eq.(8), the optimization can be carried out by using least square method. Denote ˆ as the estimate vector of the unknown parameters, and then the expression of the optimal estimated parameter vector according to the least squares estimation method can be obtained:
If F T F is full rank, the variance-covariance of the least squares estimates ˆ is
The covariance of the estimated parameters depends not only on the variance of the experimental errors 2 , but also on the matrix (F T F) 1 . The variance of the experimental errors is irrelevant to experimental designs, since it is the same for all different designs for a specific experiment. However, the matrix (F T
F)
1 contains the products of the sensitivity coefficients which are the derivatives of the experimental process variables with respect to the estimated parameters.
The matrix
is defined as the Fisher information matrix. Based on minimum of asymptotic confidence regions for the maximum likelihood estimates, the D-optimal criterion is defined in Ref. [11] and Ref. [16] as
A D-optimal design over the region is achieved by minimizing (M) or, equivalently, maximizing the determinant of the Fisher information matrix.
From Eq. (7) one can see that when the data of torquer currents are available, the expected Fisher information matrix is the input function of F, i.e., the design matrix of experiments, which depends on the projected elements of earth rate and gravity. These projected values are decided by positions of turntable. Therefore, in the case of DTGs, to maximize the determinant of M means to find the optimal design with optimal position scheme of turntable. 
with associated outputs
It is shown that a D-optimal design can be achieved with p n p(p+1)/2 [11] , where p is the number of parameters to be estimated. From Eq. (7) one can see that there are 6 unknown parameters for each output axis, so the optimal number of measurement points must exist in [6, 21] .
The test points of DTGs under calibration are made in the turntable coordinate system. The calibration requirement here is to improve and maximize calibration accuracy of specific instrument parameters, which are the coefficients of g 0 and g 1 drift errors, and hence the test points must observe these errors with sufficient precision and reduce propagation of negligible g 2 drift errors. In this case, the turntable coordinate system to be coincident with local geographic orientated coordinate system is set. Thus, the global region of test points is 24 geographic orientated positions of turntable.
One of the most important considerations is the experiment cost. The cost of calibration experiment rises in proportion to the number of test points. In order to minimize the cost, optimal experiment procedure with the least number of test points should be found.
Taken into account the above limitations of experiments, the objective function of optimal experimental design for DTGs is then given as follows:
Find: ]
with: [1 ] arg max ( ) det( )
where E is the global region of test points and
T the design information matrix of n test points. In Eq.(15), different from typical D-optimal design, the factor of experiment cost is considered by adding the inverse of the number of test points in the objective function, which ensures that the accuracy of parameter estimation is improved with the decrease of cost.
Optimization process
A popular solution to D-optimal design is the exchange algorithms, which successively remove and add points starting from an initial arbitrarily chosen point. In general, the exchange algorithms are attempting to find a local optimal solution [12, 14, 21] . Furthermore, it is difficult to apply an exchange algorithm in our optimal design due to the constraints shown in Eq. (15) . However, as discussed above, these constraints limit the number of candidate points. All the input candidate points are listed in Table 1 , where is the earth rate and the local latitude. Thus, to ensure that the maximum of the objective function is global rather than local, the search procedure of global region which includes all candidate points in Table 1 is illustrated in Fig.2 . Under our laboratory conditions that the earth rate is 15.041( )/h and the local latitude 39.913 6 , the maximum value for each experimental procedure, which is composed of different quantities of test points in the input domain, is shown in Fig.3 . It is shown that the optimal number of test points for DTGs is 12 because a big improvement is achieved by increasing the number of test points from 6 to 12 and little is gained by going beyond that number until 23. Furthermore, the objective function value achieved by 12 test points is the same as that by 24 test points. The result shows that the new 12-position experimental procedure can greatly improve the calibration accuracy, while the experimental cost is reduced by half, compared to using 24-position experimental procedure which is widely accepted in practice as the way to achieve the best accuracy in this calibration case.
If the number of test points is fixed, the optimal experiment with fixed test points is also given by following the global region search procedure. The optimal experimental procedures with 6, 8 and 12 test points are described in Table 2, Table 3 and Table 4 . These should be compared with the test procedure of IEEE Specification for DTGs in Table 5 .
These experimental procedures give the objective function values as shown in Table 6 . It is demonstrated that the quality of the estimations made in the test procedure of IEEE Specification can be improved. In fact, the objective function value increases by 5.6 times for the optimal 6-position test procedure, 7.9 times for the optimal 8-position test procedure, and 9.4 times for the optimal 12-position test procedure than the test procedure of IEEE Specification, respectively. From a physical point of view, these D-optimal experimental procedures occupy a much wider space than the IEEE one, which explains that these experimental procedures give better estimates. 
Experimental Results
In order to test the efficiency of D-optimal experimental design outlined in the previous sections, a calibration experiment for a tactical-grade DTG has been conducted in our laboratory setting to compare calibration results computed with the experimental procedure of IEEE Specification and the optimal experimental procedures. A three-axis turntable shown in Fig.4 , whose position accuracy is less than 1 , is utilized to get the values of the earth rate measured by DTGs and the gravity in its axis along with the local geographic orientated coordinate system. The DTG is mounted on the three-axis turntable according to the instructions provided by the gyro manufacturer. Care must be taken to minimize misalignments. The object of this test is to obtain an estimate of the parameters in Eq. (7) of DTGs by placing the turntable axes following the experimental procedures shown in Tables 2-5 , and measuring the torque required to balance the gyro in each of the orientations. This measurement is in the form of a voltage across a current-sampling resistor in the capture loop of each output axis, and the corresponding output is converted by the voltage-to-frequency converter. This output is sampled by the data acquisition system.
The three-axis turntable is carefully rotated according to Table 1 . At each position the torquer outputs should be stabilized and recorded for 2 min. These measurements of Ox and Oy are shown in Fig.5 .
Based on Tables 2-5 , four separate sets of test points from the measurements shown in Fig.5 are selected, to construct the measurements of the optimal 6-position procedure, the optimal 8-position procedure, the optimal 12-position procedure and the test procedure of IEEE Specification respectively. Some test points are common to these four different procedures.
The four separate sets of test points are used to calculate the coefficients of Eq. (7), and resulted values are listed in Table 7 . The absolute residuals or fit errors (measurements minus predictions) at all 24 test points shown in Fig.5 , including those not used to determine the model coefficients, are shown in Fig.6 . Besides those by using D-optimal experimental procedures and IEEE Specification procedure, the absolute fit errors by using 24-position procedure are also shown in Fig.6 . When the optimal 12-position procedure is used, the absolute fit errors are entirely within 2.5 pulses for both Ox and Oy. Since the maximum torquer output observed in this experiment exceeds 250 pulses, the fit errors are very small. Table 1 . Table 8 lists the differences of fit errors between the optimal 6-position procedure, the optimal 8-position procedure, the optimal 12-position procedure, 24-position procedure and the IEEE Specification procedure, expressed as a percentage of the relative variance values between the optimal procedures and the IEEE Specification procedure. These tables confirm that, in comparison with the IEEE experimental design, the optimal designs yield better calibration results, especially in the optimal 8-position experimental design which has the same experimental cost as IEEE Specification design. However, the variance of fit errors is only about 43% for Ox and 51% for Oy respectively, of that of the IEEE Specification design. Furthermore, the Fig.6 Absolute residuals generated for all 24 test points using the fits. variance of fit errors of the optimal 12-position experimental design is about 37% for Ox and 40% for Oy respectively, compared to the IEEE Specification designed experiment. The variance of fit errors of optimal 24-position experiment is about 33% for Ox and 36% for Oy respectively, compared to the IEEE Specification designed experiment. Therefore, these calibration results are only 4% difference between the optimal 12-position experiment and optimal 24-position experiment. It is shown that the calibration accuracy of the optimal 12-position experiment is very close to that by using optimal 24-position procedure with half experimental cost.
Conclusions
(1) The calibration accuracy of DTGs strongly depends on the experimental design. The optimal experiment procedures greatly improve the precision of the DTG drifts estimate in comparison to the defacto standard IEEE Specification procedure.
(2) With the same experimental cost, the optimal 8-position experimental procedure reduces the fit uncertainty by 57% for Ox and by 49% for Oy respectively, compared to the IEEE Specification procedure.
(3) The optimal 12-position experimental procedure is the best in terms of the calibration accuracy and cost combination among all optimal experiment procedures. The optimal 12-position experimental procedure almost achieves optimal accuracy that has been considered achievable only by optimal 24-position experimental procedure in practice, while the experimental cost is only half of the optimal 24-position experimental procedure. It reduces the fit uncertainty by 63% for Ox and 60% for Oy respectively, compared to using the IEEE Specification designed experiment.
Future research topics are as follows. First, optimal experiment procedure will be designed to calibrate the acceleration square sensitive drift as well as the acceleration independent drift, the acceleration dependent drift, the scale factor and nonorthogonality. Second, more efficient search algorithms will be found for use in the experimental design. Finally, the optimal design in other types of gyroscopes will be applied.
